Rationality for isobaric automorphic representations: the general case {#Sec1}
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Introductory comments: a leitfaden for the reader {#Sec2}
-------------------------------------------------

The purpose of this note is to prove a broad generalization of our own rationality-result, \[[@CR12], Thm. 3.9\], established *ibidem* for critical values of the Rankin--Selberg *L*-function $\documentclass[12pt]{minimal}
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### A short review of our result in \[[@CR12]\] {#Sec3}

To put ourselves *in medias res*, we will briefly recall our rationality-theorem, \[[@CR12], Thm. 3.9\]. It applies to a pair $\documentclass[12pt]{minimal}
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Our main result has the following direct consequence:
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In order to keep our presentation precise, but at the same time short, we will focus on the crucial parts of the proof of our main theorem in this note and avoid repeating arguments given in \[[@CR12]\] already, if they transfer verbatim to the more general situation here. In other words, we will only work out in details those steps of the proof, which need an extra argument, not contained in \[[@CR12]\], and refer to precise statements in \[[@CR12]\], if possible. *The reader is hence strongly advised to keep a copy of* \[[@CR12]\] *ready at hand. Unexplained notation or references (e.g.,* "§*2.1.1*") *refer to this source* \[[@CR12]\].

The setup {#Sec5}
---------

### Algebraic data {#Sec6}
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### Highest weight modules {#Sec7}
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### Real unitary subgroups {#Sec8}
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Differences to the imaginary quadratic case: archimedean considerations {#Sec11}
-----------------------------------------------------------------------

### Highest weight representations carrying cuspidal data {#Sec12}
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### Cohomological automorphic representations {#Sec13}
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As a final consequence, and this is establishes the purpose of this section, we derive the following
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### Archimedean consequences of the Meta-Lemma {#Sec14}
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#### Hypothesis 1.5 {#FPar10}
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Differences to the imaginary quadratic case: non-archimedean considerations {#Sec15}
---------------------------------------------------------------------------

### Special Whittaker vectors {#Sec16}

We will choose very particular vectors $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi _{\Pi '_v}\in W(\Pi '_v)$$\end{document}$, at all non-archimedean places $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v\notin S_\infty $$\end{document}$ in analogy to §3.9. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T'\subset B'\subset G'$$\end{document}$ be the diagonal maximal torus in the standard Borel subgroup $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B'$$\end{document}$ of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G'$$\end{document}$ and denote $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T'(F_v)^+:=\{t\in T'(F_v)| t_i t_{i+1}^{-1}\in \mathcal {O}_v, t_{n-1}=1\}$$\end{document}$. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Pi '_v$$\end{document}$ is the generic, the assumptions of \[[@CR20], Proposition (3.2)\] are satisfied. Hence, any non-vanishing functional $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi _{\Pi '_v}\in W(\Pi '_v)$$\end{document}$ is already non-zero on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T'(F_v)^+\subset G'(F_v)$$\end{document}$. As another ingredient, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K'(m'_v)$$\end{document}$ be the mirahoric subgroup of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G'(F_v)$$\end{document}$ of level $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m'_v$$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m'_v$$\end{document}$ equals the conductor of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Pi '_v$$\end{document}$, then, by \[[@CR17], Theorem (5.1)\] the space of Whittaker vectors, transforming by the central character $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega _{\Pi '_v}$$\end{document}$ of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Pi '_v$$\end{document}$ under the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K'(m'_v)$$\end{document}$ is one-dimensional, its elements being called *new vectors*. As a consequence of the above discussion, we may fix a matrix $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t_{\Pi '_v}\in T'(F_v)^+$$\end{document}$ on which all the non-trivial new vectors of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Pi '_v$$\end{document}$ do not vanish simultaneously, where we observe that we may choose the same matrix for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma $$\end{document}$-twists of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Pi '_v$$\end{document}$, i.e., such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t_{\Pi '_v}=t_{{}^\sigma \Pi '_v}$$\end{document}$. Moreover, if the non-archimedean place *v* is outside the set of ramification of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Pi '$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$, then we may take $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t_{\Pi '_v}:=id$$\end{document}$. Depending on these (mild) choices, for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v\notin S_\infty $$\end{document}$, we define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi _{\Pi '_v}\in W(\Pi '_v)$$\end{document}$ to be the unique new vector such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi _{\Pi '_v}(t_{\Pi '_v})=1$$\end{document}$.
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Finally, we observe that Lemma 3.7 still holds for these special Whittaker vectors.

### Rational structures for Whittaker models {#Sec17}

Keeping in mind the above considerations, we see as in Prop. 2.7 that the representations $\documentclass[12pt]{minimal}
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Global considerations {#Sec18}
---------------------

### Eisenstein cohomology {#Sec19}
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#### Proposition 1.6 {#FPar11}
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#### Proof {#FPar12}
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### Rational structures on submodules of automorphic cohomology and related Whittaker periods {#Sec20}

As a consequence of the previous section, the following global results and assertions transfer from \[[@CR12]\]: firstly, we obtain

#### Proposition 1.7 {#FPar13}
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#### Proof {#FPar14}
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#### Definition 1.8 {#FPar15}

As a consequence of Propositions [1.6](#FPar11){ref-type="sec"} and [1.7](#FPar13){ref-type="sec"} the composition $\documentclass[12pt]{minimal}
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Statement and proof of the main theorem {#Sec21}
---------------------------------------

### Theorem 1.9 {#FPar16}
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### Proof {#FPar17}

As a first step, we observe that Lemma 3.4 and the results of §3.8 transfer verbatim from \[[@CR12]\] to our case here. Hence, recollecting all the preparatory results of this note, the following diagram, which amplifies the main diagram of §3.2, is finally well-defined:As a next step, we observe that the results of \[[@CR17], [@CR18]\], as well as \[[@CR6], Lemme 4.6 \] are valid for $\documentclass[12pt]{minimal}
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As a final consequence, the proof of \[[@CR12], Thm. 3.9\] now goes through word-for-word in our more general situation at hand and we hence obtain Theorem [1.9](#FPar16){ref-type="sec"} (1) by chasing our special Whittaker vectors $\documentclass[12pt]{minimal}
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### Remark 1.10 {#FPar18}

Theorem [1.9](#FPar16){ref-type="sec"} represents a rather vast generalization of \[[@CR26], Thm. 1.1\] and \[[@CR25], Thm. 1.1\] over general CM-fields *F*: In the latter references, the analogous result has been shown for cuspidal automorphic representations $\documentclass[12pt]{minimal}
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A consequence {#Sec22}
=============

Ratios of critical values {#Sec23}
-------------------------

The following result is a direct consequence of our main result. It avoids any reference to Whittaker periods and expresses quotients of critical values of $\documentclass[12pt]{minimal}
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### Corollary 2.1 {#FPar19}
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